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The hidden supersymmetry and related tri-supersymmetric structure of the free particle system, the
Dirac delta potential problem and the Aharonov–Bohm effect (planar, bound state, and tubule models)
are explained by a special nonlocal unitary transformation, which for the usual N = 2 supercharges
has a nature of Foldy–Wouthuysen transformation. We show that in general case, the bosonized
supersymmetry of nonlocal, parity even systems emerges in the same construction, and explain the origin
of the unusual N = 2 supersymmetry of electron in three-dimensional parity even magnetic ﬁeld. The
observation extends to include the hidden superconformal symmetry.
© 2010 Published by Elsevier B.V. Open access under CC BY license. 1. Introduction
Some quantum systems possess a hidden symmetry associated
with nontrivial integrals of motion, which reﬂect their peculiar
properties. A hidden supersymmetry [1] was revealed recently in
a class of quantum mechanical systems with a local Hamiltonian.
The list of such systems includes the Dirac delta potential prob-
lem [2], the Aharonov–Bohm effect (bound state [2] and planar
[3] models), the ﬁnite-gap periodic quantum systems, and their in-
ﬁnite period limit in the form of reﬂectionless systems [4,5]. All
the listed systems possess a degeneration in the energy spectrum
associated with a (twisted) parity symmetry. The hidden super-
symmetry of the ﬁrst two systems is characterized by the linear in
the momentum supercharge operators; in the last two families, the
hidden supersymmetry is related to the higher derivative nontriv-
ial operator of the Lax pair of the associated nonlinear integrable
system. A usual N = 2 superextension of all these systems is ac-
companied by a rich tri-supersymmetric structure rooted in the
hidden supersymmetry [6–8].
A natural question arises whether the hidden and usual supersym-
metry are somehow related.
In this Letter we show how the hidden supersymmetry and the
associated tri-supersymmetric structure originate from the usual
N = 2 supersymmetry and the (twisted) parity symmetry. The ob-
* Corresponding author at: Departamento de Física, Universidad de Santiago de
Chile, Casilla 307, Santiago 2, Chile.
E-mail addresses: v.jakubsky@gmail.com (V. Jakubský),
luismi@metodos.fam.cie.uva.es (L.-M. Nieto), mplyushc@usach.cl (M.S. Plyushchay).0370-2693© 2010 Published by Elsevier B.V.
doi:10.1016/j.physletb.2010.07.014
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problem and the Aharonov–Bohm (AB) effect. We also discuss the
nature of the earlier revealed bosonized supersymmetry of nonlo-
cal spinless quantum systems with parity even potentials [1], that
appears in the same construction, and explain the origin of the
unusual N = 2 supersymmetry of electron in three-dimensional
parity-even magnetic ﬁeld [9,10]. Finally, we indicate that the ob-
servation extends to include the hidden superconformal symmetry
[3,11].
2. One-dimensional case: special unitary transformation
Consider an N = 2 supersymmetric one-dimensional quantum
mechanical system [12,10,13]. It is described by the Hamiltonian
H = P2 + W 2 + σ3W ′, (2.1)
and supercharges
Q 1 = σ1P + σ2W , Q 2 = iσ3Q 1 = −σ2P + σ1W , (2.2)
where P = −i ddx , W = W (x) is a superpotential, W ′ = dW /dx,
2m = 1 and h¯ = 1. The H and Qa , a = 1,2, generate the N = 2
supersymmetry,
{Qa, Qb} = 2δabH, [Qa, H] = 0, (2.3)
for which the integral Γ = σ3 plays a role of the grading operator,
[Γ, H] = {Γ, Qa} = 0.
Assume that the superpotential is an odd function, W (−x) =
−W (x). Then the Hamiltonian is the even operator. The reﬂection
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gral of motion, [R, H] = 0. It anticommutes with the supercharges,
{R, Qa} = 0. Let us realize a unitary transformation,
O → O˜ = UOU−1,
U = exp(iπ S−Π−) = S+ + RS− =
(
Π+ Π−
Π− Π+
)
, (2.4)
where S± = 12 (1±σ1) and Π± = 12 (1±R) are the projectors.1 The
(nonlocal) operator (2.4) satisﬁes U † = U−1 = U , so that U2 = 1.
We have x˜ = xσ1, P˜ = Pσ1, R˜ = R, σ˜1 = σ1, σ˜2 = σ2R, σ˜3 = σ3R,
and the transformed Hamiltonian and supercharges take a diagonal
form,
H˜ = P2 + W 2 + σ3RW ′, (2.5)
Q˜ 1 = P − iσ3RW , Q˜ 2 = W + iσ3RP . (2.6)
For the ﬁrst order supercharge operators (2.2), this transformation
has a nature of Foldy–Wouthuysen transformation. We trade the
locality of the operators for their diagonal form. The transformed
operators (2.5) and (2.6) satisfy the same N = 2 superalgebra,
{Q˜ a, Q˜ b} = 2δab H˜, [Q˜ a, H˜] = 0, (2.7)
for which
Γ˜ = σ3R (2.8)
plays a role of the grading operator.
Notice that the unitary transformation (2.4) mediates the inter-
twining relation UO = O˜U between the corresponding Hamiltoni-
ans, supercharges and grading operators.
In general, the transformed Hamiltonian (2.5) differs from the
original, local Hamiltonian (2.1). Though by the construction the
both are unitary equivalent, the Hamiltonian (2.5) is nonlocal due
to the presence of the reﬂection operator in the last term. There
are particular cases, however, for which the nonlocality is sup-
pressed by a speciﬁc choice of the superpotential, and H˜ = H . We
will discuss some of such systems later in the text.
The operators (2.2) are not integrals of motion for the trans-
formed Hamiltonian (2.5), while the transformed supercharges
(2.6) do not commute with the initial Hamiltonian (2.1). At the
same time, the three operators σ3, R and Rσ3 are the integrals
for both H and H˜ . The supercharges Qa commute with σ3R, while
the transformed supercharges Q˜ a commute with σ3. Both the orig-
inal and the transformed supercharges anticommute with R. It
is worth to note that there exists no unitary transformation that
would transform σ3 (or Rσ3) into R.
The transformed system (2.5) can be reduced to any of the two
eigensubspaces of σ3. Each of the obtained spinless nonlocal sys-
tems,
H˜s = P2 + W 2 + sRW ′, where s = +1 or s = −1, (2.9)
still possesses a bosonized N = 2 supersymmetry described by the
nonlocal supercharges,
Q˜ 1,s = P − isRW , Q˜ 2,s = W + isRP = isRQ˜ 1,s. (2.10)
The operator R plays the role of the grading operator for both (s =
±1) reduced systems. Such nonlocal supersymmetric systems were
investigated in [1]. Here, we just illustrate a general situation by a
simple example of the super-oscillator system given by W (x) = x,
1 Transformation (2.4) with R changed for −R works as well, and will be im-
portant for the planar AB effect.Fig. 1. The spectrum of the unitary equivalent super-oscillator Hamiltonians H and
H˜ is shown on the left; the eigenvalues of the grading operators Γ = σ3 and
Γ˜ = σ3R are indicated below the corresponding states. The “+” denotes the states
with even parity, by the “−” we marked the states with odd parity. On the right,
the spectra of H˜s , s = ±1, are shown. The degeneracy of the energy levels in each
subsystem, reﬂected by the hidden supersymmetry, is manifested. The hidden su-
persymmetry is exact for s = −1 (there is a singlet ground state) whereas it is
broken for s = 1.
see Fig. 1. In this case the reduced Hamiltonians can be presented
in the form H˜+ = 2(N + Π+) (s = +1) and H˜− = 2(N + Π−) (s =
−1), where N = a+a− is a number operator, Π± = 12 (1 ± R) are
the projectors on subspaces with even and odd eigenvalues of N ,
and the reﬂection operator, R = (−1)N = cosπN , being written in
the coordinate representation with N = 12 (− d
2
dx2
+ x2 − 1), reveals
a nonlocal nature of the supersymmetric systems H˜+ and H˜− .
3. Special one-dimensional cases
Consider now the special cases when the transformed Hamilto-
nian coincides with the original one. This happens when (2.4) is
the additional integral, [H,U ] = 0, of the N = 2 supersymmetric
system.
3.1. Free particle on a line
We start with the simplest case which corresponds to a free
particle, W (x) = 0, H = P2, as it sheds a light on general features
of the supersymmetric structure associated with the hidden super-
symmetry in the systems we consider in what follows.
For the free particle, both pairs of the operators, (2.2) and (2.6),
are integrals of motion. For Γ = σ3 chosen as the grading opera-
tor, the Q 1 = σ1P and Q 2 = −σ2P are the odd, fermionic integrals,
while the Q˜ 1 = P and Q˜ 2 = iσ3RP are the even, bosonic integrals.
Accordingly, the relations (2.3) have to be supplied with the com-
mutation relations
[Qa, Q˜ b] = 0, [Q˜ 1, Q˜ 2] = −2iRσ3H . (3.1)
The Γ = Rσ3 can be identiﬁed as the grading operator as
well. The integrals (2.6) play then the role of the fermionic super-
charges which satisfy the relations (2.7) (with H˜ = H), while (2.2)
are the bosonic integrals. Relations (3.1) are changed for the rela-
tions of a similar form with the duality-like replacement Qa ↔ Q˜ a ,
Rσ3 ↔ σ3.
If the parity operator is identiﬁed as the grading operator,
Γ = R, all the integrals Qa and Q˜ a should be treated as fermionic
supercharges. Then the anticommutation relations (2.3) and (2.7)
are supplemented with the relations
{Qa, Q˜ b} = 2(−1)a(−δb1σa + δb2acσcR)H, (3.2)
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integrals of motion that have to be treated as the even generators,
[σa, σb] = 2iabσ3, in the complete nonlinear tri-supersymmetry,
see [6].
The reduction of the N = 2 supersymmetric structure gener-
ated by H and Q˜ a to the eigensubspaces σ3 = +1 and σ3 = −1
results in the bosonized supersymmetry, in which the Γ = R is
identiﬁed as the grading operator, and Q˜ 1 = P and Q˜ 2 = iRP
(the sign in deﬁnition of the latter operator is irrelevant) play the
role of the fermionic supercharges. The eigenstates of the Q˜ 2 are
ψk(x) = 1√2 e−iπ/4(eikx + ie−ikx) = coskx+ sinkx, Q˜ 2ψk(x) = kψk(x),
k ∈ (−∞,∞), cf. the eigenstates eikx of Q˜ 1, Q˜ 1eikx = keikx . Notice
also that Q˜± = Q˜ 1 ± i Q˜ 2 = PΠ± realize the Darboux transforma-
tion between the eigenstates coskx and sinkx, k  0, of the free
particle Hamiltonian H = P2: Q˜+ coskx = −k sinkx, Q˜+ sinkx = 0,
Q˜− coskx = 0, Q˜− sinkx = k coskx.
3.2. Delta Dirac potential problem
Besides a free particle case in R1 with W (x) = 0, let us men-
tion another simple but nontrivial model on the line, for which
the unitary transformation U is the symmetry of Hamiltonian. It is
given by
W (x) = βε(x), (3.3)
where ε(x) is a sign function deﬁned as ε(x) = 1 for x  0, and
ε(x) = −1 for x < 0. In this case Hamiltonian (2.1) corresponds to
the N = 2 superextended Dirac delta potential problem [14],
H = P2 + β2 + 2βσ3δ(x). (3.4)
Since Rδ(x)ψ(x) = δ(−x)ψ(−x) = δ(x)ψ(x), the transformed Ham-
iltonian (2.5) coincides with the original one, (3.4). Similarly to the
free particle case, [Qa, Q˜ b] = 0.
After reduction to the eigensubspaces of the diagonal inte-
gral σ3, we get two spinless one-dimensional Dirac delta potential
problems with the hidden N = 2 supersymmetry, described by
H˜s = P2 + β2 + s2βδ(x), s = +1 or − 1, (3.5)
Q˜ 1,s = P + siβε(x)R, Q˜ 2,s = iRQ˜ 1,s. (3.6)
The hidden supersymmetry of the spinless systems (3.5) and the
tri-supersymmetric structure of the spin-1/2 system (3.4) were
studied in [2,6]. Here we just notice that while the Hamiltonian
(3.5) is local, the both supercharges (3.6) of the hidden supersym-
metry are nonlocal operators. For β > 0 and s = −1 (the case of
the attractive delta function potential), the system has a singlet
bound state of zero energy separated by the energy gap β2 from
the doubly degenerate continuous (scattering) part of the spec-
trum, i.e. corresponding hidden supersymmetry is unbroken. For
β > 0, s = +1 (repulsive delta function potential), the system is
characterized by the broken N = 2 bosonized supersymmetry that
reﬂects coherently the double degeneration of all the (scattering)
states with E > β2 in the spectrum of the system.
3.3. Bound state Aharonov–Bohm model
Consider a charged spinless particle subjected to move on a unit
circle x2 + y2 = 1 (placed in the plane z = 0) in the presence of
the magnetic ﬁeld of a ﬂux line, Bz(x, y) = i j∂i A j = Φδ(x, y). The
Hamiltonian of the system is given by
Hα = (pϕ + α)2, (3.7)where pϕ = −i ddϕ , ϕ is the angular variable on a unit circle, and
α = − e2πcΦ . This conﬁguration corresponds to the bound state
Aharonov–Bohm effect [15].
The usual N = 2 supersymmetric extension is similar to that of
the free one-dimensional particle discussed above, with the change
P → pϕ + α. The analogue of the parity integral R, however, does
not exist for arbitrary values of the rescaled magnetic ﬂux param-
eter α.
Consider a twisted reﬂection operator
R = e−2iαϕRϕ, (3.8)
where the Rϕ is a reﬂection in ϕ , Rϕψ(ϕ) = ψ(−ϕ). Operator
(3.8) is well deﬁned (maps 2π -periodic functions into 2π -periodic
ones), and commutes with the Hamiltonian (3.7) only when α takes
integer or half-integer values.
The discrete spectrum of the system (3.7) with the energy
levels El = (l + α)2, l = 0,±1,±2, . . . , which correspond to the
states eilϕ , has a degeneration typical for the N = 2 supersym-
metry only in the same cases α = n, or α = n + 12 , n ∈ Z. For
α = n, the system is unitary equivalent to the free particle on a
circle case (α = 0) since pϕ + n = UnpϕU−1n , Un = e−inϕ . The zero-
energy ground state (l = −n) is nondegenerate while the states
with l = k 	= −n and l = −k − 2n form a doublet of the same
energy (not taking into account a double degeneration of all the
levels related to the decoupled spin variables). On the contrary, for
α = n + 12 , all the energy levels are positive and doubly degener-
ate modulo the degeneration associated with the spin degrees of
freedom: El = E−l−2n−1 = (l + n + 12 )2  1/4.
Hence, the procedure of the special unitary transformation and
subsequent reduction applies in the current system as well, where
it relates the earlier observed hidden supersymmetry of the bound
state AB effect [2] with the usual N = 2 supersymmetry associated
with the decoupled spin degrees of freedom.
4. Generalization to the two dimensions
Consider a charged spin-1/2 particle conﬁned in the plane in
the presence of the perpendicular magnetic ﬁeld, that is described
by the Pauli Hamiltonian
H = P2i −
e
c
σ3B, (4.1)
where Pi = −i∂i − ec Ai(x), i = 1,2, and B(x) = i j∂i A j(x). For ar-
bitrary magnetic ﬁeld, such a system possess the N = 2 supersym-
metry (2.3) [with Γ = σ3] generated by the supercharges [16]
Q 1 = σiPi, Q 2 = i jσiP j = iσ3Q 1. (4.2)
As we shall see, the application of this simple but formal construc-
tion of the N = 2 supersymmetry is accompanied by the proper
deﬁnition of the involved operators in the case of the planar AB
effect [8].
Assume now that the magnetic ﬁeld is an even function,
B(−x) = B(x), described in terms of the odd vector potential,
Ai(−x) = −Ai(x). Then the system (4.1) will have an additional,
nonlocal integral
R = exp(iπ L), (4.3)
[H,R] = 0, which corresponds to a rotation in π , where L =
−ii j xi∂ j is the orbital angular momentum. The operator (4.3)
satisﬁes the relations Rxi = −xiR, R2 = 1, and, therefore, super-
charges (4.2) are the parity-odd operators, {R, Qa} = 0, a = 1,2.
Then we can apply the analysis of Section 2 based on the special
unitary transformation, in which the operator R is given by (4.3).
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changes P → P1, W → P2 in (2.2). The transformed supercharges
Q˜ 1 and Q˜ 2 take the form
Q˜ 1 = P1 − iσ3RP2, Q˜ 2 = P2 + iσ3RP1. (4.4)
Likewise in the one-dimensional systems, the operator U of the
unitary transformation does not commute with the Hamiltonian in
general. However, there are exceptional cases, including the case
of the free particle (Ai = B = 0). Let us comment on this case
brieﬂy here. Following the discussion of Section 3.1, we get an ex-
planation for the hidden N = 2 supersymmetry of the free spinless
planar particle system: it can be related to the N = 2 supersym-
metry of the spin-1/2 analog of the system via the special unitary
transformation (2.4) and subsequent reduction to any of the two
eigensubspaces σ3 = +1 or σ3 = −1. In the free particle case, the
generators of the hidden supersymmetry,
Q˜ i = Pi − iσ3Ri jP j, (4.5)
form a two-dimensional vector with respect to the total angular
momentum J = L + 12σ3, [J , Q˜ i] = ii j Q˜ j , in contrast with the
scalar supercharges Qa , [J , Qa] = 0.
Below, we shall elaborate another two-dimensional systems
where the hidden supersymmetry can be related to the standard
N = 2 supersymmetry via the unitary transformation. At ﬁrst, we
will analyze the two-dimensional system which is a symbiosis of
the bound state AB model considered in Section 3.3, and of the
free particle – the particle on the cylinder. The second model will
be the celebrated planar AB model.
4.1. Aharonov–Bohm effect: the tubule model
Consider the model of a charged spin-1/2 particle on the cylin-
der in the presence of the AB ﬂux along the symmetry axis (x1 = 0,
−∞ < x2 = y < ∞) of the cylinder. It is described by
H = (pϕ + α)2 + p2y . (4.6)
The (singular) magnetic ﬁeld is not orthogonal to the two-
dimensional surface here, but (4.6) is obtained from (4.1) by chang-
ing P1 → pϕ + α, pϕ = −i∂/∂ϕ , and P2 → py = −i∂/∂ y, and by
omitting the spin term there. The supercharge integrals are ob-
tained then from (4.2) by the same change,
Q 1 = σ1(pϕ + α) + σ2py, Q 2 = iσ3Q 1. (4.7)
As in the case of the bound-state AB model, for integer and half-
integer values of the rescaled magnetic ﬂux α, the Hamiltonian
(4.6) has an additional integral
R = e−2iαϕRϕR y, α = n or n + 1
2
, (4.8)
where R y is the operator of reﬂection in the y coordinate, R y y =
−yR y . The integral (4.8) anticommutes with both supercharges
Qa . The additional, commuting with Qa integrals,
Q˜ 1 = (pϕ + α) − iσ3Rpy, Q˜ 2 = iRσ3 Q˜ 1, (4.9)
are obtained from (4.4) via the indicated above substitution,
i.e. by applying the unitary transformation (2.4) to (4.7). The
tri-supersymmetric structure associated with the three possible
choices for the grading operator can be computed following the
line of Section 3.1.4.2. Planar Aharonov–Bohm effect
Consider the N = 2 supersymmetric system that corresponds to
the planar AB effect [17] for the spin-1/2 particle. This system is
described by the Hamiltonian (4.1) with the electromagnetic po-
tential given by

A = Φ
2π
(
− x2
x21 + x22
,
x1
x21 + x22
)
= Φ
2πr
(− sinϕ, cosϕ), (4.10)
where we use the polar coordinates, x1 = r cosϕ , x2 = r sinϕ . Po-
tential (4.10) corresponds to the singular magnetic ﬁeld, B(x) =
Φδ2(x1, x2). The explicit form of the Hamiltonian is
Hα = −∂2r −
1
r
∂r + 1
r2
(−i∂ϕ + α)2 + α 1
r
δ(r)σ3,
α = − e
2πc
Φ, (4.11)
where we use the identity δ2(x1, x2) = 1πr δ(r) for the two-
dimensional Dirac delta function. Since the vector potential and
magnetic ﬁeld are singular functions at the point x= 0, the appro-
priate domains have to be speciﬁed for the Hamiltonian and su-
percharges (4.2) in order to keep them well deﬁned (self-adjoint).
The AB system with the integer value of the magnetic ﬂux
is unitary equivalent to the free-particle case (α = 0) which was
discussed above. In general, the relation Hα+n = UnHαU−1n with
Un = e−inϕ1, where 1 is the unit 2×2 matrix, tells that we can as-
sume α ∈ (0,1) without loss of generality. As it was shown in [8],
the supercharges of the N = 2 supersymmetry are well deﬁned in
two cases only, which correspond to two different self-adjoint ex-
tensions of the Hamiltonian Hα , denoted as H0α and Hπα , cf. (4.8).
In other words, there are just two self-adjoint extensions of the
Hamiltonian that are consistent with the N = 2 supersymmetry.
These two self-adjoint extensions,
Hγ=0α =
(
H0α 0
0 HABα
)
, Hγ=πα =
(
HABα 0
0 Hπα
)
, (4.12)
differ in their domains. They are well deﬁned on the locally square
integrable functions, that are regular at the origin up to a sin-
gle partial wave, where the singular behavior is enforced. The two
component wave functions from the domain of Hγα have to comply
with the following boundary conditions:
lim
r→0+
Ψ ∼
(
(1+ eiγ )2−αΓ (1− α)r−1+αe−iϕ
(1− eiγ )2−1+αΓ (α)r−α
)
. (4.13)
Explicit form of the corresponding supercharges deﬁned on the
same domain is
Q γ1 =
(
0 P1 − iP2
P1 + iP2 0
)
,
Q γ2 = iσ3Q γ1 =
(
0 P2 + iP1
P2 − iP1 0
)
. (4.14)
Note that as formal differential operators, the supercharges are the
same for both values of γ ; however, for γ = 0 and γ = π , their
domains are different. The same is valid for the operators H0α ,
Hπα and H
AB
α . For the ﬁrst two, the corresponding domains admit
singular (at zero) wave functions in corresponding partial waves,
while the domain of HABα includes only regular at zero functions.
Therefore, the two Hamiltonian operators (4.12) describe the two
different systems.
The both systems (4.12) have additional, nonlocal integral of
motion (4.3) which, unlike the bound state AB effect and the re-
lated tubule model, exists for arbitrary value of the ﬂux parameter
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variable as RϕR = ϕ +π .
Deﬁne the two different unitary operators,
U± =
(
Π± Π∓
Π∓ Π±
)
, (4.15)
which satisfy the relations U †± = U± , U2+ = U2− = 1, and
U+σ3U+ = σ3R, U−σ3U− = −σ3R. Operator U+ corresponds
here to (2.4), while U− is obtained from it via the change R →
−R. Both U± commute with the formal Hamiltonian operator
(4.11). It is necessary, however, to check how they act on the wave
functions from the domain of Hγα . The U+ respects the bound-
ary conditions (4.13) if and only if γ = π , while U− does not alter
(4.13) for γ = 0. The domain of Hπα (H0α ) is invariant with respect
to U+ (U−), and therefore [U+,Hπα ] = 0, [U−,H0α] = 0. Under the
unitary transformation U+ (U−), the Hamiltonian Hπα (H0α ) re-
mains the same.
Unitary transformation of the supercharges Q πa (Q
0
a ) by the U+
(U−) gives the corresponding supercharges of the hidden N = 2
supersymmetry. They can be written in the uniﬁed form
Q˜ γ1 =
(P1 + ieiγ RP2 0
0 P1 − ieiγ RP2
)
,
Q˜ γ2 = −ieiγ σ3RQ˜ γ1 , γ = 0,π. (4.16)
Like in the free planar particle case, the supercharges Q γa of the
usual N = 2 supersymmetry are scalars with respect to the to-
tal angular momentum J = L + 12σ3, while the generators of the
hidden supersymmetry, Q˜ γ1 and Q˜
γ
2 , for both γ values form a
two-dimensional vector, [J , Q˜ γi ] = ii j Q˜ γj . This also follows from
the alternative representation of (4.16),
Q˜ γi = Pi · 1+ ieiγ Rσ3 · i jP j, (4.17)
cf. (4.4). Reduction to the eigensubspaces σ3 = +1 and σ3 = −1
produces the three different AB models for a scalar particle de-
scribed by the Hamiltonians H0α , H
π
α and H
AB
α , each of which pos-
sesses the hidden supersymmetry generated by the corresponding
diagonal component of (4.17). This explains the origin of the hid-
den supersymmetry in the AB effect for the scalar particle that
was observed in [3]. Notice that the generators of the usual super-
symmetry, Q γa , commute with the generators Q˜
γ
i of the hidden
supersymmetry, [Q γa , Q˜ γi ] = 0, for both γ = 0 and γ = π .
The tri-supersymmetry of the system, associated with three al-
ternative grading operators and discussed in [8], can be obtained
in the same vain as in Section 3.1.
5. Unusual N = 2 supersymmetry in the three dimensions
Consider a three-dimensional spin-1/2 particle in magnetic
ﬁeld Bi(x) = i jk∂ j Ak(x). The system is described by the Hamil-
tonian,
H = P2i + σi Bi, (5.1)
and possesses the N = 1 supersymmetry described by the super-
charge
Q˜ 1 = Piσi, (5.2)
Q˜ 21 = H . Here Pi = −i∂i − ec Ai(x), and summation in i = 1,2,3 is
assumed.
The N = 1 supersymmetry can be extended to the artiﬁcial
N = 2 supersymmetry by introducing the “isospin” degrees of free-
dom described by another set of Pauli matrices, which we denote
by Σl , l = 1,2,3, and by deﬁningQ 1 = Σ1 Q˜ 1, Q 2 = Σ2 Q˜ 1 = iΣ3Q 1. (5.3)
Suppose now that the vector potential A(x) is a parity odd
function, Ai(−x) = −Ai(x). Then magnetic ﬁeld is an even func-
tion, the parity operator R, Rxi = −xiR, anticommutes with the
supercharges Qa , and commutes with H . The structure we have
obtained is similar to the supersymmetric structure of the one-
dimensional free particle with the Q˜ 1 and Σl corresponding here
to the P and σi in the latter system.
Realizing the unitary transformation (2.4) (with σ1 substituted
for Σ1), and subsequently reducing the system to the eigensub-
space Σ3 = +1, we ﬁnd that the system (5.1) is described by
the N = 2 supersymmetry with the supercharges (5.2) and Q˜ 2 =
iRQ˜ 1, for which the parity R plays a role of the grading operator.
This shows that the unusual N = 2 supersymmetry of the system
(5.1) with odd vector potential, observed earlier in [9,10], has the
same nature as the hidden supersymmetry of the free particle.
6. Discussion
Up to now, our discussion was restricted to the supersymme-
tries generated by the time-independent operators. In the case of
the spin-1/2 free particle and the planar Aharonov–Bohm model,
the N = 2 supersymmetry can be extended to the superconformal
symmetry, supplying the Hamiltonian with bosonic generators of
the dilatations D and special conformal transformations K . Their
commutator with the supercharges Qa generate the additional odd
integrals Sa , that depend explicitly on time [8,18], Sa = i[K , Qa].
Since the indicated bosonic generators K and D are diagonal op-
erators and commute with the reﬂection operator R, they are
invariant with respect to the unitary transformation U . This is
not the case for Sa , which is transformed into the diagonal time-
dependent symmetry S˜a = U SaU−1. The subsequent reduction to
the eigensubspaces σ3 = +1 and σ3 = −1 gives rise to the hidden
superconformal symmetry of the scalar free particle [11] and for
the spinless AB effect [3] and, therefore, clariﬁes its origin.
In all the systems we considered, the generators of the usual
N = 2 supersymmetry commute with the generators of the hidden
supersymmetry. This means that if one of the generators of the
usual supersymmetry is identiﬁed as a ﬁrst order Hamiltonian like
that in the massless Dirac particle case [19,20], such a ﬁrst order
system will possess a hidden N = 2 supersymmetry. This observa-
tion can be applied in the condensed matter systems described by
the Dirac–Weyl equation, and will be elaborated elsewhere.
We have explained the origin of the hidden supersymmetry
of some quantum mechanical systems, where the corresponding
supercharges are the ﬁrst order (nonlocal) differential operators.
Notice that this construction, based on the nonlocal unitary Foldy–
Wouthuysen transformation, is completely different from that in
[21], where the hidden supersymmetry is described by local super-
charges. The open question is then whether a usual N = 2 linear or
nonlinear supersymmetry of the quantum periodic ﬁnite-gap sys-
tems [22–26] could be related in a similar way, via a nonlocal
unitary transformation, to the hidden supersymmetry associated
with the higher order nontrivial Lax operators [7].
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